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GROUP:-A  system <G,*> ,where G is a non-void set 
and *is a binary composition in G, is called  a group if 
it satisfies the following postulates: 
1.ASSOCIATIVE LAW : a* (b*c)=(a*b) *c for all a,b,c ∈ G 

2.EXISTENCE OF IDENTITY: There exists an element  
e∈ G called an identity,such that a*e=a=e*a for all a∈G 

3.EXISTENCE OF INVERSE:For each a∈G there exists 
an element 𝑎−1∈ G ,called an inverse of a, such that  
  a∗𝑎−1= e =𝑎−1∗ a  
 
Group is called a commutative or an abelian group if 
in addition a*b=b*a 



If the set G Is finite then <G,*> is called a finite group, 
otherwise it is called an infinite group 
 
A system <G,*> consisting of a non-void G and a 
binary composition * on G is called a semi-group if it 
satisfies the following postulate: 
ASSOCIATIVE LAW: a*(b*c) = (a*b)*c for all a,b,c ∈ G 

EXAMPLES  
•<Z,+> is an infinite abelian group. 
• Let <Z´,+> be the set of all non-negative integers. 
<Z´,+> is an infinite abelian semi-group but not a 
group. 
 



 EXAMPLE    
•Let Q*be the set of all non-zero rational numbers.    
Q* is an infinite abelian group under the 
multiplication composition. 
                                                                                                                                                                                                                                 
 Let n be a positive integer and G be the set of those 
complex numbers which are nth roots of unity.  
 G  has  n elements. G is a finite abelian group under 
multiplication  composition.     

   



     
Let S={0,1,2,………,n-1}      
   For a,bϵS  
  define a*b to be the least non-negative integer c       
obtained as remainder when a+b is divided by n.  
   this * is a binary operation on S and is called  
     addition modulo n.  
    i.e.    a*b=r   means that    a+b-r is divisible by n.   
    S is a group under this binary composition.  
                   

   



THEOREM: If G is a group then 

•Identity element of G is unique. 
•Every aϵG has unique inverse in G. 
•For every aϵG, (a¯¹)¯¹=a 

•For all a,bϵG,(ab)¯¹=b¯¹a¯¹ 
 

 
 
 

THEOREM: (Cancellations Laws). Let G be a group 
then for all a,b,cϵG 
ab=ac    b=c(left cancellation law)                       
ba=ca    b=c(right cancellation law)  
 
 
 
      

THEOREM: A finite semi-group G is a group if and 
only if G satisfies both the cancellation laws. 
 



THEOREM: A non-void set G together with a binary 
composition denoted multiplicatively is a group if 
and only if  
(1) a(bc)=(ab)c for all a,b,cϵG 
(2)Given any a,bϵG the equations ax=b and ya=b 
have solutions in G. 

DEFINITION: A system <G,.> where G is a non-void 
set and ‛ . ’ a multiplicatively denoted binary 
composition is called a Group if it satisfies the 
following postulates: 
For all a,b,cϵG 

(1)a(bc)=(ab)c 

(2)The equations ax=b and ya=b have solutions in G.  



EXAMPLE 1: If in a group G, xy²=y³x and yx²=x³y, then 
show that x=y=e where e is the identity of G. 
EXAMPLE 2:G is a group and there exist two relatively 
prime positive integers m and n such that ambm=bmam  
and anbn=bnan for all a,bϵG. Prove that G is abelian. 

EXAMPLE 3: Show that the equation x2ax=a-1 is 
solvable for x in a group G if and only if a is the cube 
of some element in G. 

EXAMPLE 4: Show that if in a group G, a2=e for all 
aϵG then G is abelian. 
EXAMPLE 5: Let S be a semi-group. If for all x,yϵS, 
x2y=y=yx2, prove that S is an abelian group.  



DEFINITION (Subgroup): Let G be a group under a 
binary  composition * and let H be a non-void subset 
of G. Then H is called a subgroup of G if it satisfies the 
following: 
H is closed with respect to *.(closure property) 
H is a group under the binary composition on H 
induced by * 

SUBGROUPS 

EXAMPLE 1: The set E of all even integers is a 
subgroup of additive group Z. 
EXAMPLE 2: The set Z is a subgroup of the additive 
group Q 



EXAMPLE 3: Let G={1,-1,i,- i},H={1,-1} where i2=-1. 

Then G is a group under multiplication of complex 

numbers and H is a subgroup of G.  

EXAMPLE 4: Let G be the multiplicative group of all 
non-singular 2×2 matrices over complex numbers. Let 
H be the set of the following eight matrices  

   
1 0
0 1

,
−1 0
   0 −1

,
𝑖 0
0 −𝑖

,
−𝑖 0
0 𝑖

 

  
0 𝑖
𝑖 0

,
0 −𝑖

−𝑖 0
,

0 1
−1 0

,
0 −1
1 0

 

                               

, , 

H is a subgroup of G under matrix multiplication. 
 




